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Abstract
There is a four-point space S1 weakly homotopy equivalent to the circle. The restriction to S1
of the complex number multiplication is not continuous, nevertheless a continuous model of the
multiplication with values in S1 can be defined on an eight-point circle. Applying an analogue of
Hopf’s construction we obtain a finite model of Hopf’s famous map S3 → S2.
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0. Introduction
If X, Y and Z are pointed topological spaces we recall [8] that a map µ :X× Y → Z is
a pairing with axes f :X→Z and g :Y → Z if it satisfies
µ|X ∨ Y Z ◦ (f ∨ g) :X ∨ Y → Z,
where  denotes the homotopy relation and Z the codiagonal map Z ∨Z→ Z.
If, in particular, X = Y = Z and f = g = 1X then X is said to be an H -space. In his
study of finite topological spaces, Stong [9] showed that if a finite space X is an H -space
thenX is necessarily trivial in the sense that the component of the base point is contractible.
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The purpose of this note is to exhibit examples of nontrivial connected finite T0 spaces X
and Z that admit a pairing µ :X×X→Z with axes f and f , where f :X→ Z is a weak
homotopy equivalence.
A connection between the homotopy theory of finite T0 spaces and of compact
polyhedra has been established by Alexandroff [2] followed by McCord [7]. With each
finite T0 space is associated a finite simplicial complex KX. The vertices of KX are the
points of X. A subset V of X spans a simplex of KX if and only if every two-point
subset of V is connected in X. Conversely, if K is a finite simplicial complex, McCord
defines a finite poset XK (the vertices of the barycentric subdivision K ′) which admits a
T0 topology (the smallest open set containing a point y ∈ XK is {x | x  y}). Then K and
X are functorial and satisfy KXK =K ′. He then defines a natural transformation
q : |K− |→ 1
(|K| denotes the underlying polyhedron of K) as follows. If x ∈ |KX|, let σx denote the
unique open simplex of KX containing x . If σx = (x0, x1, . . . , xr ), where x0 < x1 < · · ·<
xr , he sets qX(x)= x0 and proves the following theorem.
Theorem 0.1 (McCord). For each finite T0 space X, qX is a weak homotopy equivalence.
The first two authors continue this development in [5]. They observe that the composite
functor XK behaves like a subdivision operator for finite T0 spaces and use Theorem 0.1
to define a natural weak homotopy equivalence
pnX :X
(n)→X (n 1) (0.1)
where X′ =XKX and X(n) = (X(n−1))′. They also prove the following.
Theorem 0.2 (Simplicial Approximation, Hardie–Vermeulen). Let f : |KX| → |KY | be a
(continuous)map, where X,Y are finite T0. Then there exists an integer n and a continuous
map g :X(n) → Y such that |Kg|  f .
If for a finite T0 space X, we have |KX|  W , where |KX| denotes the underlying
polyhedron of KX, then we say X is a finite model of W . Likewise, if g :W → Z is a map
and g is equivalent to |Kf |, where f :X→ Y is a map with X and Y finite T0 then we
say that f is a finite model of g. In particular if X is a finite model of an H -space W with
multiplication m :W ×W →W , note that Theorem 0.2 implies that there exists a finite
model of m of form
f : (X×X)(n)→X. (0.2)
Clearly there is some interest in determining suitable X and n for the spheres S1, S3 and
S7 and indeed for other H -spaces with finite cell decompositions. However, the emphasis
in the present paper will be given to the case of S1, for which a finite model of the
multiplication is given in Proposition 1.1, and to the associated models of the Hopf map
and the real and complex projective planes.
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1. The multiplication on the circle
Following McCord [7] it will be convenient to work with finite partially-ordered sets
rather than finite T0 spaces. An isomorphism between the category of finite T0 spaces and
continuous functions FT0 and the category FPos of finite partially-ordered sets and order-
preserving functions is obtained if we set
x  y if and only if y ∈ (x),
noting that the smallest open set containing y corresponds to {x | x  y}.
If X is a poset, the non-Hausdorff cone CX = (X, xˆ) is the poset X equipped with
one additional point xˆ as upper bound. The non-Hausdorff suspension SX=(X, nˆ, sˆ) is the
union of two copies of CX whose intersection is X. A minimal model Sn of the n-sphere
is obtained by considering the n-fold non-Hausdorff suspension of the 0-sphere. Thus S1
and its barycentric subdivision can be represented by the sketches
S
1 =
i
−1 1
−i
(
S
1)′ =
−1+ i i 1+ i
−1 1
−1− i −1 1− i
=
· i ·
−1 1
· −1 ·
Note that in the second sketch for the subdivision we are using a more economical notation
for the intermediate points. The complex number multiplication on S1, when restricted to
S1 yields the following multiplication table.
−i −i 1 i −1
−1 −1 −i 1 i
i i −1 −i 1
1 1 i −1 −i
× 1 i −1 −i
(1.1)
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We shall also be considering the function µ : (S1)′ × (S1)′ → S1 given by table (1.2) below.
1 1 i −1 −1 −1 −i 1 1 1
· 1 i i i −1 −i −i −i 1
−i 1 1 1 i −1 −1 −1 −i 1
· −i −i 1 i i i −1 −i −i
−1 −1 −i 1 1 1 i −1 −1 −1
· −1 −i −i −i 1 i i i −1
i −1 −1 −1 −i 1 1 1 i −1
· i i −1 −i −i −i 1 i i
1 1 i −1 −1 −1 −i 1 1 1
µ 1 · i · −1 · −i · 1
(1.2)
Then we have the following.
Proposition 1.1. The complex number multiplication × :S1 × S1 → S1 fails to be
continuous (order-preserving). However, the function µ : (S1)′ × (S1)′ → S1, given by
table (1.2) is order-preserving. Moreover µ defines a nontrivial pairing with axes f and
f , where f is a weak homotopy equivalence.
Proof. We may regard S1 as the space obtained from
. . . . .
by identifying the extreme points. Hence S1 × S1 is a quotient of the space represented in
the sketch (1.3).
. . . . .
. . . . .
. . . . .
. . . . .
. . . . .
(1.3)
Now, with the values entered in table (1.1), there is a failure of continuity in each
small square. For example consider the values indicated in the lower left hand square of
table (1.1). The directions of the arrows between these points of S1 are as indicated
i −1
1 i
but these are not consistent with the directions in the lower left square of (1.3). A similar
check applied to the function µ, however, shows that it does preserve the order. Now
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consider the map f : (S1)′ → S1 defined by the last row of values in table (1.2) (and note
that the left hand column of values corresponds to the same map f ). We may observe
that |Kf | :S1 → S1, the induced map of underlying polyhedra, has degree 1 and hence is
a homotopy equivalence. Then it follows from Theorem 0.1 that f is a weak homotopy
equivalence. If we regard the point 1 as the base point of S1 and of (S1)′ then µ preserves
basepoints. Moreover we have
µ|X ∨X =Z ◦ (f ∨ f ) :X ∨X→Z
with X = (S1)′ and Z = S1. Hence µ is indeed axial. ✷
Remark 1.4. It is interesting to note that Stong considered in [9] two different relaxations
of the definition of an H -space without finding what one might regard as a nontrivial
example in the context of finite spaces. Proposition 1.1 shows that relaxing instead the
homotopy identity requirement yields quite different results.
2. A model of the Hopf map
Using the non-Hausdorff cone and suspension functors we give a version of Hopf’s
construction. Suppose that µ :X×Y → Z is a pairing with axes f :X→Z and g :Y →Z,
where X, Y and Z are finite posets. Let the non-Hausdorff join of X and Y be the poset
X Y =CX× Y ∪X×CY.
Then we define the Hopf construction Γ (µ) :X Y → SZ to be the map such that
Γ (µ)(x, y)= µ(x, y), Γ (µ)(xˆ, y)= nˆ, Γ (µ)(x, yˆ)= sˆ (x ∈X, y ∈ Y ) (2.1)
where nˆ and sˆ denote the North and South poles of S. Since Γ (µ) itself is a map of posets,
one can apply the functor K, consider the underlying map of associated polyhedra and
apply the Hopf construction as described in [10, p. 502]. The verification of the following
lemma is routine.
Lemma 2.1. The homotopy class of |KΓ (µ)| is equivalent to the class of the Hopf
construction of |Kµ|.
To sketch Γ (µ) in the case of our example µ : (S1)′ × (S1)′ → S1, first note that S2 can
be displayed:
S
2 =
nˆ sˆ
−i i
−1 1
Next observe that
(
S
1)′ 
(
S
1)′ = (S1)′ × (S1)′ ∪ (S1)′ × (yˆ)∪ (xˆ)× (S1)′,
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which is necessarily a finite model of the 3-sphere, has exactly 80 points made up of 64
points in (S1)′ × (S1)′ and 8 points each in the other two subsets. The associated poset is
displayed in the following diagram
(2.2)
which must be interpreted as follows. The 8×8 grid of smaller dots represents the product
(S1)′ ×(S1)′. It is to be understood that the infacing arrows on the right hand edge complete
the circles. That is, the sources of these arrows are the small dots on the left hand edge of
the grid. Similarly the sources of the downward pointing arrows on the top edge are the
small dots on the bottom of the grid. The larger dots (bullets) on the left hand edge of the
diagram represent the points of the subposet (S1)′ ×(yˆ) and the bullets on the bottom of the
diagram represents the points of the subposet (xˆ)× (S1)′. Note that these too have arrows
that are intended to complete circles. The double lines between the bullets and the grid are
intended to suggest sheaves of arrows to the bullets going from each point in the row of the
grid (respectively column) which a bullet occupies. It can be checked that the partial order
described corresponds to the detailed definition given above.
2.1. The function Γ (µ)
To describe the function Γ (µ) we use the device of specifying for each point of
diagram (2.2) its image under the function. This is rather easy to do. Each point of the
‘grid’ is sent to the point mentioned at the corresponding entry in table (1.2). The eight
bullets on the left edge of (2.2) are all sent to the point sˆ and the bullets on the lower edge
are all sent to nˆ. It is possible to pick out the fibres under the map Γ (µ) of the individual
points of S2 by examining table (1.2). The fibres above 1, −1, i and −i each have sixteen
points and are homeomorphic copies of (S1)′′. The fibres above nˆ and sˆ are the two sets of
bullets. Each is homeomorphic with (S1)′. Hopf showed that the fibres of his original map
S3 → S2 were all circles and each of them ‘interlocked’ with each of the others exactly
once. It is somewhat simpler to verify this behaviour in our case since there are only six
fibres in all. When the toral ‘fishnet’ is embedded in Euclidean 3-space, the four fibres that
wind around the fishnet certainly exhibit this property. The remaining two 8-point fibres
are situated in (i) the circle at the centre of the (compact) solid torus and (ii) along the
straight line axis of the torus. If a ‘point at infinity’ is added, converting the 3-space into an
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S3 the two eight-point circles interlock with each other exactly once, and each interlocks
exactly once with the four circles in the torus.
Remark 2.2. It is interesting to compare the above construction of a Hopf map for
finite posets with the simplicial map constructed by Alexander [1]. Alexander requires
a triangulation of S3 with 15 vertices, 69 edges, 81 triangles and 27 tetrahedra. Although
the number of vertices (15) is smaller than the number of points in our finite model, the
map itself in [1] seems less easy to visualise.
3. Weak equivalence and quasifibration
The map Γ (µ) described in Section 2 is certainly not a locally trivial fibration, since
the fibres fail to be homeomorphic. However, we shall see (Corollary 3.4 below) that Γ (µ)
is a quasifibration. The notion of quasifibration was extensively studied and applied by
Dold and Thom [3]. A reformulation of the notion of quasifibration in terms of weak
equivalences was given by May in [6]. The latter approach allows for wider utility.
A detailed exposition appears in [12].
We recall [6] that a map f : (X,A)→ (Y,B) of pairs of spaces is said to be a weak
equivalence if
(f∗)−1 Im(π0B→ π0Y )= Im(π0A→ π0X) (3.1)
and if, for all a ∈A and q  1,
f∗ :πq(X,A,a)→ πq
(
Y,B,f (a)
)
is a bijection. (3.2)
As pointed out in [6] the condition on components is automatically satisfied when X and
Y are path connected.
Definition 3.1 (May). A surjective map p :E→ B is a quasifibration if p : (E,p−1b)→
(B,b) is a weak equivalence for all b ∈ B .
By way of example we propose to verify the following proposition directly from the
definition.
Proposition 3.2. The map p = Γ (µ) : (S1)′  (S1)′ → S2 is a quasifibration.
Proof. For brevity we denote (S1)′  (S1)′ by S and bear in mind that it is a finite
model of S3. There are six points of S2 to consider but essentially only two cases: nˆ
and x ∈ {1,−1, i,−i}. We have p−1(nˆ) an eight point circle (S1)′ and p−1(x) a sixteen
point circle embedded in S. Let F denote one of these fibres. Then |KF | = S1 (say) with
S1 ⊂ |KS| = S3 and we have a commutative diagram
S1
∼
S3
∼
F S
540 K.A. Hardie et al. / Topology and its Applications 125 (2002) 533–542
in which the vertical arrows are weak equivalences and the horizontal arrows are inclusions.
This induces for each n 1 and a ∈ S1 a morphism of relative homotopy groups/sets
q∗ :πn
(
S3, S1, a
)→ πn
(
S,F, q(a)
)
which by the five-lemma is an isomorphism for n > 1. For n= 1, q∗ is a function between
singleton sets. Moreover the maps p and |Kp| induce a commutative diagram
πn(S
3, S1, a)
≈
≈
πn(S,F, q(a))
p∗
πn(S
2, |Kp|(a)) ≈ πn(S2,pq(a))
in which three of the arrows are isomorphisms/bijections for all n 1. ✷
We now prove a general result for constructing quasifibrations of finite spaces, and in
particular we apply it to Hopf constructions as in Section 2.
We recall (cf. [11]) that the non-Hausdorff double mapping cylinder M(f, g) of a pair
of poset maps f :A→X, g :A→ Y is the poset obtained from the disjoint union of (finite)
posets X+A+ Y by specifying the additional relations a  f (a), a  g(a) for all a ∈A.
Note that |KM(f, g)| coincides with the usual double mapping cylinder of |Kf | and |Kg|
from |KA| to |KX| and |KY |. Many ‘non-Hausdorff’ constructions are special cases of
M(f, g), for example,
X Y =M(π1,π2),
where π1 and π2 denote the two projections from X × Y on to the factors. Moreover the
construction is functorial: a commutative diagram of poset maps
X1
x
A1
f1 g1
a
Y1
y
X2 A2
f2 g2
Y2
(3.3)
induces a map M(x, a, y) :M(f1, g1)→M(f2, g2). In particular it is clear that the map
Γ (µ) of Section 2 is so induced.
Consider the right hand rectangle of diagram (3.3). Since it is commutative, for each
a2 ∈A2 it induces a map
(g1, g2) :a
−1(a2)→ y−1
(
g2(a2)
)
. (3.4)
If this map is a weak homotopy equivalence for each a2 ∈A2 then we say that (g1, g2) is a
weak equivalence of fibres.
Proposition 3.3. If the maps x , a and y of diagram (3.3) are quasifibrations and if each
rectangle of diagram (3.3) is a weak equivalence of fibres, then the map Γ =M(x, a, y) is
a quasifibration.
Proof. Let us denote the map of (ordinary) double mapping cylinders of the cotriads
in diagram (3.3) by m :M1 → M2. It follows from the argument in the proof of [4,
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Lemma 2.7] that m is a quasifibration. Each of the natural maps qi :Mi → Mi (fi , gi)
(i = 1,2) is a weak equivalence by Theorem 0.1. Moreover the pair of maps (q1, q2)
is a weak equivalence of fibres. Let z be an arbitrary point of M2, let F = m−1(z)
and let G = Γ −1(q2(z)). Application of the five-lemma to the ladder formed by the
exact homotopy sequences of the pairs (M1,F ) and (M(f1, g1),G), reveals that the map
(M1,F )→ (M(f1, g1),G) is a weak equivalence. Since m is a quasifibration, it follows
that Γ is a quasifibration. ✷
We obtain the following result.
Corollary 3.4. If a pairing µ :X × Y → Z in the category of finite T0-spaces is a
quasifibration and if the axes f :X→ Z and g :Y → Z are weak equivalences then the
map Γ (µ) as defined in (2.1) is a quasifibration.
Proof. We choose the top row of diagram (3.3) to be the pair of projections onto the factors
of X×Z, the middle column to be the multiplication µ and the bottom row to be a pair of
maps from Z into one-point spaces. Then we may apply Proposition 3.3. ✷
Now Proposition 3.2 can be obtained as a special case of Corollary 3.4.
4. Real and complex projective planes
The non-Hausdorff double mapping cylinder M(f, g) described in Section 3 is a
versatile device for constructing finite models of mapping cones and, more generally,
homotopy pushouts. As a first example we consider the ‘squaring map’ σ : (S1)′ → S1
obtained by restricting the ‘multiplication’ µ of table (1.2) to the diagonal. Notice that σ
can also be regarded as the quotient map that identifies ‘antipodal’ points of (S1)′. Let
P
2 =M(σ, c),
where, for the relevant poset A, the map c :A→ aˆ collapses the poset A to a single point
poset aˆ. The following is a consequence of the relation between the ordinary and non-
Hausdorff mapping cylinders.
Proposition 4.1. P2 is a finite model of the real projective plane.
A possible representation of the poset P2 is the sketch (4.1) below, where it is understood
that the indicated pairs of antipodal points are identified.
(4.1)
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Note that, before the identification is made, the poset is isomorphic with (CS1)′. This
indicates that we obtain the same model P2 if we identify antipodal points on the
‘boundary’ of the appropriate finite model of the disk.
Remark 4.2. P2 appears to be the poset with the least number of points exhibiting 2-torsion
in integral homology.
It is well known that the complex projective plane CP2 has the homotopy type of the
mapping cone of the Hopf map S3 → S2. It follows that the non-Hausdorff mapping cone
M
(
Γ (µ), c
) (4.2)
is a finite model of CP2. Note that the poset (4.2) has 87 points.
Historical note
The order-preserving multiplication (1.2) was announced in a talk at the SoCat 94, a
conference held at the University of Cape Town during the last week of November 1994
to mark the occasion of the 60th birthday of Professor Guillaume Brümmer. The second
author J.J.C. Vermeulen died in a tragic accident on February 11, 2001. A memorial notice
by B. Banaschewski and a personal tribute by C.R.A. Gilmour appear in the Notices S. A.
Math. Soc. (32) September, 2001.
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